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*sO ■ Abstract 

o. 

CO , Using the theory of self-adjoint extensions, we study the relativistic spectral 

properties of the Landau operator with 5 and 5' interactions on a cylinder of 
i-^h ■ radius R for a charged spin particle system, formally given by the Hamiltonian 

E% = (p - A) 2 1 + a.B + GV(r), (v(r) = 5(R - r) or V(r) = 5\R - r) 

acting in L 2 (IR 2 ) 0(D 2 . G a scalar 2x2 real matrix. 1 is the identity matrix. 
The potential vector has the form A = {B/2){— y, x) and B > 0. 

X : 1 Introduction 



Over the last decades, there have been major research efforts in studying Schrodinger opera- 
tors to describe properties of charged particles in magnetic systems (see , and references 
therein). Gesztesy et al.^ have devoted a communication to the point interaction in magnetic 
field systems in the nonrelativistic case . More recently ^, we have studied the nonrelativistic 
case of this model. In this paper, we deal with the relativistic models for a two-dimensional 
quantum Hamiltonian describing a charged spin particle in a constant and uniform magnetic 
field superimposed to 5 and (^'-interaction on a cylinder of radius R. 

We consider an electron confined in the x—y plane and subjected to a uniform magnetic field 
perpendicular to the plane, using the symmetric gauge vector potential A = (B/2)(—y, x), B > 
0. 

We provide a complete spectral analysis of the given operator and deduce helpful properties 
when this operator is perturbed by 6 or 8' interaction on the cylinder of radius R. We recover 
the results obtained in ^, ^ for the point interaction as a particular case of our study. 
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First, using the von Neumann theory of self-adjoint (s.a.) extension of linear symmetric 
operators ^, we characterized the self-adjoint extension of this operator. The relativistic type 
Hamiltonian is formally expressed as: 



H G B = (j>-Af\ 




\ 

-B + /3V(r) ) 



where 



V(r) 



with (6E, R > 0. 



1.2) 



mr-R), 

Z6'(r-R), 

The paper is organized as follows: In section 2, we investigate the relativistic model of S. 
In section 3, the relativistic model of 5'. Finally, in section 4, we conclude with some remarks. 



2 The model of the relativistic ^-cylinder interaction 

In this section, we derive the properties of the relativistic quantum Hamiltonian describing a 
charged spin particle in a constant magnetic field B coupled with 5 interaction on the cylinder 
of radius R, given by 



(p - A) 1 + cr.B + G5(R - r), 



where 



(2.1) 



a= (a 1 , a 2 , a 3 ), 
and the a 1 are the Pauli matrices defined by 



(2.2) 



/ 1 



/ o 



— I 



\ i 



1 \ / a 

and G — 
-1 J v P 



a and (3 are real numbers. 

Let us consider the operator 



(2.3) 



H B = (p-A) 2 t + a.B, 
and the closed symmetric operator 

/ (p - Af + B 



\ 



V 







{p-Af-B ) 



(2.4) 



(2.5) 
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with the domain 

V{H B ) = {ip E Jf 2 ' 2 (IR 2 ) ®(E 2 , i>(S R ) = 0; H B ^ e L 2 (IR 2 ) ®(T 2 } , (2.6) 

where S R = {x E R 2 , \x\ = R} is a circle of radius R centered at the origin in IR 2 , and 
H k > p {yt) is the Sobolev space of indices (k,p). 

Let us now decompose the Hilbert space H = f 2 (IR 2 ) ®(D 2 as follows 

H = L 2 (1R 2 ) (g)(E 2 = (f 2 (]0, oo[) (g) f '(S 1 )) (g)(D 2 , (2.7) 

S* 1 being the unit circle in H 2 . 

Similarly to the nonrelativistic study, the following isometry is introduced in order to remove 
the weight factor r from the measure: 

f L 2 ((0, oo); rdr) — > L 2 ((0, oo); dr) = f 2 ((0, oo)) 
^ : 1 / — (#/) (r) = VF/(r). (2 ' 8) 

Then, we get the following decomposition of the Hilbert space H: 



m =+oo m=+oo 



w= 



m'=—oo m=—oo 



U~\L 2 (}0;oc)) 



D im<f> 



efcz-^^cojoo)) 



so that the operator ff B writes 



m=+oo m =+oo 



H B = ET'ifB.m.m'l/®!, 

m=~oo m'=— oo 



where the radial part Hb,™.,™.' is defined by 



and 



with the domain 



if 



B,m,m' 



Km 



u a B,m' 



(1 rf 2 /m 5 \ 2 1 



A 2 
<ir 2 



i m' B . 
h B^ = -—+( — + -r) ~— 2 -B 







_v / 2T. 


)] 



(2.9) 



(2.10) 



(2.11) 



V(H 



B,m,m' ) 



f E (f 2 (]0, oo[, dr) n fff o ' c 2 (]0, ooDj (g)(C 2 ; /(i2±) = ; 
^B,m,m'/ e L 2 ((0, oo)) (g)(D 2 } , m E 7L, m! E 7L. (2.12) 
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The adjoint operator H* B m m , of H-B,m,m' is defined by (2.11) in the domain 

2>(^,m,m0 = {/ e (^(]0, oo[, dr) n lf£(]0, oo[\{i?})) (g)(T 2 ; = = 

#B, m ,w/eL 2 ((0,cx>))(g)(D 2 }, 

m G Z, rri eTL (2.13) 
The indicial equation reads 

H* B , m , m '4>B,m,m'(k,r) = k^ B ,m,m'{k,r), 

or equivalently 

H* B , m , m , ( % m > m ' )=k( ) , (2.14) 

V VB,m,m' ) \ 93,771,771' j 

k e (C \ M, which has two solutions: 



lft,m,m' = j^™' J (2.15) 
^i,m,m' = ( ^2 ) (2-16) 



and 



: 



where 



B,7n,m' 



a (u „\ _ J N Bm G B ^ (k,R) x F B ^ m (k,r) ; r < R , , , 



2 , ?. , ,s N Bm ,G B ^ ,(k,R) x F B j n ,(k,r) ; r < R , , , 

' } " 1 N B,m' F Bm'(k,R) x r) ; r > * , (218) 



Fgjfc, r) = r V2+H e -|^ iFi Q ( | m | + m + x _ fc^B) > | m | + 1; |^ ) 
Gg^fc, r) = r i/2+H e -|^ 2 C/ (l(| m | + m + i _ ^B), | m | + I- | r 2) ) 

F B %(k,r) = r V>+\m'\ e -\Br* Q(| m /| + m / + ! _ fc±B )? | m /j + 1; | r 2^ ? 

Gg) m ,(A;, r) = r i/2+Kl e -i Br2 [/ Q ( | m /| + m / + x _ fe±B^ | m /| + 1; ip) ? 



(2.19) 



(2.20) 



^B,m=(ll^B,m(*)llL"ao,oo))) \ (2-21) 
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and 



JVfl,m' = (ll^,m'(*)l|L»ao,oo))) \ (2-22) 



B "" ( ' ' " t *&(*, R) x Gift r) ; r > fl , ^ 



m ' (k ' r) -\ F|L (*, fl) x C7gJ„, (fc, r) ; r > fi . 

Since the indicial equation admits two solutions, HB, m , m > has deficiency indices (2, 2) and, 
consequently, all self- adjoint (s.a) extensions of HB,m,m' are given by a 4-parameter family of 
(s.a.) operators^. In particular, we define here 



TT m,m f 

n B,m,m' 



\ 



\ 



h 2 B,m' J 



(2.25) 



with the domain 



V{HB m m m m >) = [f e (^GO, oo[, dr) n //f o ' c 2 (]0, oo[-{i?})J (g)(E 2 ; /(i? + ) = /(itL) = /(#); 

/'(i2+) - /'(it:-) = G m , m ,f{R)- H^f e ^ 2 ((°. °°)) (8)« 2 } . 



m E 7L, m! E 7L 



(2.26) 



and 



G 



m,m 



a, 



\ 



(2.27) 

The case G m , m ' = coincides with the free kinetic energy Hamiltonian Hg m , for fixed 
quantum numbers m,m'. 

Let G = {G mjm '} mjm > e z, an d introduce in L 2 (IR 2 ) ®(E 2 the operator 



m=+oo m'=+oo 
m=—oo m'=—oo 



(2.28) 



By definition, Hg is the rigorous mathematical formulation of the formal expression (2.1). 
Actually, it provides a slight generalization of (2.1), since G may depend onmGS and m! E 7L. 
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G 

Theorem 2.1 (i) The resolvent of H B "^" m , is given by 



k e P(<^) n p(H° m>m ,), me7L,m'e7L, 



(2.29) 



where 



A*i,i(*0 



av 



^,m(G5;i»(*^)^(*^) - ^ { B,m(k, R)F'^(k, R) - a m G B i ; m (k,R)F B \> m (k,R) 



,(i) 



(2.30) 



Ml,2(fc) = 0, 



(2.31) 



and 



/i 2 ,i(A;) = 



A, 



(2.32) 



^ (cgiU*, i2) - Gf m ,(fc, i2) - Pm'G^ m ,(k, R)F B %(k, R) 

(2.33) 

The Green function G^ m m ,(k,r,r') of H B m m , has the form 



(HB,m,m' k) — G Bmm ,(k,r,r ) 



V 9 2 m ]m'(k,r,r>) 



9 2 m 2 m>(k,r, r') 



, (2.34) 



where 



9)i?; m >(k,r,r')(r,r') = g 2 m ' m ,(k,r,r') = 0, 



2,1 



(2.35) 



and 



9m,m>( k i r , r ') 



Nk m G%] m {k,r) x FgUkrf ; r' < r , 



(i) 



(2.36) 



2,2 /, A 
9m,m'\ K i r i r ) 



N 2 B ,m'Gf > (k,r)xF™, (k,r'); r> < r , 
Nl m/ F B %,(kyxG% m ,(ky)-, r'>r. 



We note that g m m ,(k, R,r) = 4>\ m {k,r) and g m m ,(k, R,r) = (j>% >m (k,r). 
(ii) The resolvent of H B is given by 



(2.37) 
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1 m=+oo m'=+oo 2 

(H G B -ky =(H°-ky + e e E^iti-r 1 ^^-)!-!' 1 ^^). 

m=— oo m'=— oo i,j=l 



k e p(H%) n me7L,m'e7L. (2.38) 

Proof: Since Hb,™,,™.' has deficiency indices (2.2), it follows from Krein's formula ^ that the 
resolvent of H B r ^ n , is given by 

G -i 1 2 

(^B^nTm' ~~ — {H B mm , — k) + ^ Hi,j{k) (^B, m ,m'(^)) •) ^B.m.m'W' 



»J=1 



* e n P« m , m 0, "» G m' G K. (2.39) 



Since G B "^ n ,(k,r,r') must satisfy the following equation: 



, <5(r-r') 
(^'-*)^'(*,r,r')= |, (2.40) 

<J(r - r') 



one has 



(/ik^-^L^r,/) = <5(r-r'), (2.41) 



3m,m' (fc, ^ O = ( fc > r > r ') = °> ( 2 - 42 ) 



(fc|,m' - z)g 2 m 2 tm ,(k,r,r') = 5(r - r'). (2.43) 



which implies that 



o 1 ' 1 <k rr')-l N k>'. G Z-<- k ' r > X F S><*' • ' J < r • « 44) 



and 



n 2 ' 2 (h t t'\ - \ N B,m' G BL'(k,r) x F B ^ m ,(k,r') ; r' <r , , , 

W( ' ' ' " I N^Ft(t,r) x G^(fc,rO ; r> > r . 

For the determination of fiij(k), we proceed as follows. Let g G L 2 (]0,oo]) and define the 
function 

XmMk,r)= [{H G B - m - m , - k)' 1 g) (r). 
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G i 

Since Xm,m' G E>(H B r ^ n ,), it follows that Xm,m' should satisfy the boundary conditions of 

G i 

D{H B T ^ m i)^ the implementation of which gives 

A*l lW — 7 \"> 

Nh, m {<4i>(KR)^U k > R ) - GW m {k,R)F*%(k,R) - a m G^ m (k,R)F B 1 } n (k,R)J 

(2.46) 

H 1 , 2 (k)=0, (2.47) 
Ai2,i(fc) = (2.48) 

and 

H22{k) = 7 

N 2 B , m , [GtUK R)F B %(k, R) - G$> m ,(k, R)F*%(k, R) - P m 'G%] m ,{k, R)F B ^ m ,{k, R) 

(2.49) 

Inserting (2.46), (2.47) (2.48) and (2.49) into ((2.39)), we deduce the expression (2.29). Eq. 
((2.38) follows from (2.28) and ((2.29) . 

G i 

Spectral properties of H B r ^ m , are provided by the following theorem where cr ess (.) , a sc (.) 
and <J P (.) represent the same properties as mentioned. 

Theorem 2.2 : For all a m G (— oo, oo) and f3 m i G (— oo, oo), we have the following results 

^(<^)=0, (2-50) 

^c(<^) = 0, (2.51) 

= {E e IR/GfliE, R)F B 1 l(E, R) - G^ m (E, R)F*%(E, R) 
-a m G% m (E,R)F B 1 l(E,R) = 

or G' B %(E, R)F$ m ,{E, R) - G% m ,(E, R)F^,(E, R) 
-(3 m ,G%] m ,{E, R)F B 2 l,(E, R) = o}. (2.52) 

G i 

The negative bound states are related to the eigenvalues of H B ™^ m i obtained from the equation 

det(n itj (E)y l = 0; E < 0, (2.53) 
which has at most two solutions E < 0. 
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Proof: We know that ^ (T ess (H^ m m ,) = 0. Using Weyl's theorem , we have 



Eq.(2.38) implies that the point spectrum is determined by 



o 



(2.54) 



= [E e R/ G'b^E, R)Fgl(E, R) - G$ m (E, R)F™(E, R) 
-a m G^ m (E,R)F^(E,R)=0 

° r G 'bIi'( E > R ) F b\'{ E ^ R ) - G< B,m>( E i R ) E B%>( E , R ) 

-P ml G%] ml {E,R)F i g ml {E,R) = o}, 

which proves (2.52). The last part of this theorem follows from the statement of^ [theorem 1, 
page 116] . 

3 The model of relativistic 8'- cylinder interaction 

In this section, we deal with the relativistic quantum Hamiltonian of a charged spin particle in 
a constant uniform magnetic field B coupled with 5' interaction on the cylinder of radius R, 
given by 



iff = (p - Aft + a.B + G5'(R - r). 
Let us consider the closed symmetric operator, formally defined by 

H B = (p~ Aft + a.B, 

with the domain 

V{H B ) = {4>e ff 2 ' 2 (IR 2 ) ®(T 2 , 4>'(S R ) = 0; H B i/> e f 2 (IR 2 ) ®(D 2 } . 



(3.1) 



(3.2) 



(3.3) 



Performing the same decomposition (2.9) and (2.10) for the Hilbert space 7f and for the 
operator Hb, we readily recover Eq.(2.11) for the operator HB, m ,m r - 



H 



B,m,m' 



fhV m o \ 



V h l,m> J 



(3.4) 



with 
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V(H B ,m,m>) = {/ e (l 2 (]0, oc[, dr) n Hff c (]0, oo[)) (g)(E 2 ; /' = ; 

H B ,m,m>f e ^ 2 ((0, oo)) (g)(D 2 } , m,m'eTL. (3.5) 

Here the boundary conditions require the derivative /' to vanish at the circle of radius R for the 
^'-interaction instead of the continuity of the function / at r = R in the case of (^-interaction 
(see Eq. (2.12)). 

The adjoint operator H B ,m,m' of B.B,m,m' is defined by 

H* B ,m,m> = I ! (3-6) 



h% m , 



with the domain 



V(H B ,J = {/ G (L 2 (]0, oo[, dr) n ^(]0, oo[\{i2})) (g)(D 2 ; f = /' (itL) ee ; 

^B,m,m'/ e ^ 2 ((0, oo)) (g)(E 2 } , m, m' G 2Z. (3.7) 
The indicial equation reads 

^B,m,m'^B,m,m'(' !; i r ) = ^B,m,m' r ) > 



or equivalently 



#W f $f ' m ] = *( tf' m ) , (3-8) 



6C\E, which has two solutions: 



and 



where 



V' 1 = ( t B - m ) (3.9) 



i? = { L ) (3 ' 10) 



*"- ( ' ' " < «Uf&(*,r)U x GgU.O ; r>«, (S - U) 
■2 , / ,.\ ; MB^ m ,\G^B m ,{k, r)] r=R x F B ^ m ,(k,r) ; r < R , , , 
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F ( ^ m (k,r) = r Wm\ e -kBr\ Fl Q(| m | + m + 1 _ *^B) > | m | + i; | r 2) ? 

Gg^Jfe, r) = r i/2+H e -3^ 2 f/ (l(| m | + m + 1 - | m | + l ; f r 2 ) , 



F|^,(A;, r) = r^+Kle-^Vi (±(|m'| + m' + 1 - |m'| + 1; f r 2 ) , 

Gg^,(Jfe,r) = ri/2+lm'ig-iB,^ ^ (|m/| + m / + x _ fcfcB^ | m /| + 1; | r 2^ ^ 



(3.13) 



(3.14) 



I ^B,m(&) I U 2 (]0,oo)) 



(3.15) 



^'=11^(^)11^00, 



00)) 



with 



pi a^jtfj/Lx^r); r<R, 
I [i^L(M]U x GgUfc.r) ; r>R, 



and 



(2) 



[4 2 L(^r)]UxG^ m ,(A;,r); r > i? . 



(2) 



(3.16) 



(3.17) 



(3.18) 



The indicial equation also admits two solutions and HB,m,m< has deficiency indices (2,2). 
Consequently, all self-adjoint (s.a) extensions of HB,m,m' are also given by a 4-parameter family 
of (s.a.) operators^. In particular, we define here 



n B;m;m> 



(hV m \ 



V h l,m' ) 



(3.19) 



with the domain 



( H 



B,m,m' J X f G ^ 2 G0, oo[, dr) fl H%(\0, oo[-{R})j (g)(D 2 ; f'(R + ) = f'(R-) = f'(R); 

f(R + ) - f(R_) = G m>m ,f'(R); H B ,m,m>f e L 2 ((0, oo)) (g)(E 2 } , 

to, to' G 7L, G m , m i defined as previously. (3.20) 

As expected, the continuity conditions are required here for the derivative function /' at the 
point r = R. This result respects the situation encountered in the case of the nonrelativistic 8' 
cylinder interaction. 
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The case G m) m' = O also coincides with the free kinetic energy Hamiltonian H Bmm , for 
fixed quantum numbers m, m' . 

Let G = {G mtm >}m,m'(L7L and introduce in L 2 (IR 2 ) ®(E 2 the operator 



m=+oo m'=+oo 

^1= e e ^fei^® 1 - 



(3.21) 



m=— oo m'=— oo 



By definition, i/^ is the rigorous mathematical formulation of the formal expression (3.1). 
Actually, it provides a slight generalization of (3.1), since G may depend on m,m' G TL. 



G 

Theorem 3.1 (i) The resolvent of H B r ^ n , is given by 



■where 



y(i) 



v(i) 



(i) 



v(i) 



(3.22) 



y(i) 



A*i,2(*0 = 0, 



(3.23) 
(3.24) 



and 



fjL2 tl (k) = 



Pr, 



(3.25) 



ML,, [G%] m ,{KR)F'^(k,R)-G'^^ 

(3.26) 



y(2) 



V(2) 



V(2) 



V(2) 



T/ie Green function G B mm ,(k,r,r') of H Bmm , has the form 



?m,m 



Since G Bmm ,(k,r,r') must satisfy the following equation: 

8(r - r') \ 

S(r - r') j 



fffO 



B,m,m' 



k)G B ^ m >(k,r,r') — 



one has 



(3.27) 



(3.28) 
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(h 1 B , m -z)g 1 m ] m ,(k,r,r') = 5(r-r>), (3.29) 



9m,m'( k , r , r ') = 9m,m'( k , r , r ') = °, ( 3 - 30 ) 



and we have 



(h%, m , ~ z)g 2 m 2 m ,(k,r,r') = 5(r - r') (3.31) 



1,1 (k rr ^_\ M^ m G'^ m {Kr) x F« (k,r') ; r' < r , 



and 



W( M M^F^^^^x^^rO; r' > r . (3 ' 33) 

J^e note that g^] m ,(k,R,r) = (f>B,m,m'( k ,r) and g 2 m 2 m ,(k, R,r) = (f>% m , m ,(k,r). 
(ii) The resolvent of H B is given by 



i~fi — — |— oo Tn ^ — ~|~ co 2 
m=— oo m'=— oo i,j=l 



k e p(H%) n p(#b)> m > m ' e s - ( 3 - 34 ) 

Proof: Since H B ,m,m' has deficiency indices (2.2), it follows from Krein's formula ^ that the 
resolvent of H B r ^ n , is given by 

(tffem' - ^ = (^m' - ^ + E (n,m,m'(^), ■) H,m,m'(*). 

*J=1 

k e P (H B - m %,) n p(fff >m>m ,), rn, m' E TL. (3.35) 

For the determination of pti,j(k), we proceed as follows. Let g G L 2 (]0, oo]) and define the 
function 

Xm,m'(k,r) = ((#B,mS' - k ) <i) W ■ 

G i 

Since Xm,m' £ D{H B r ^ n i), it follows that Xm,m' should satisfy the boundary conditions of 

G / 

D{H B ™£ n m l). The implementation of these boundary conditions gives 
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A*l i{k) — 7 

M B , m (^B,m(^> R ) E B%{ki ^) ~~ G'^ m (k, R)F B ^ m (k, R) - a m G' B ^ m (k, R)F B ^(k, R) 

(3.36) 

Aii )2 (A;) = 0, (3.37) 
Ai 2) iW = (3-38) 

and 

/ 7 \ An' 
fl22{k) = 7 

Ml, m , (GgUfc, i2) - ^(fc, R)F^ m ,(k, R) - f3 m 'G' B %(k, R)F*%,(k, R) 

(3.39) 

Inserting (3.36), (3.37), (3.38) and (3.39) into (3.35), we deduce the expression (3.22). Eq. 
(3.34) follows from (3.21) and (3.35) . 

G i 

Spectral properties of H B r ^ n , are provided by the following theorem. 
Theorem 3.2 : For all a m G (— oo, oo) and f3 m i G (— oo, oo), we have the following results 

<w*fe;o=0, (3- 4 °) 



^(^mO = ^ (3-41) 

^(<^S0 = G U/G' B %(E, R)F^ m (E, R) - G ( g m (E, R)F^(E, R) 
-c^<#l(E,R)FM(E,R) = 

-P m >G^ m ,(E,R)F'gUE,R) = 0y 

(3.42) 

G i 

The negative eigenvalues of H B ^ m , are obtained from the equation 

detitujiE))- 1 = 0; E < 0, (3.43) 
which has at most two solutions E < 0. 

Proof: 

Similar to the proof of Theorem 2.2. 
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4 Remarks 



Let us point out that the nonrelativistic results can be trivially deduced from the relativistic 
one setting the scalar parameter (3 = 0. 

The results for the point interaction at the origin appear as a particular case of the cylinder 
interaction investigated here. Indeed, when R — > in (2.1) and (3.1), we recover the boundary 
conditions corresponding to the nonrelativistic point interaction investigated in . Finally, let 
us recall that the properties for point interaction placed at any point x could be found using 
the transformation relation t x H a t_ x given in , where t x is a translation application of vector 
x, H a being the Hamiltonian perturbed by point interaction at the origin r = 0. 
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